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Scaling Relations for Aqueous Polyelectrolyte-Salt Solutions. 1. 
Quasi-Elastic Light Scattering as a Function of Polyelectrolyte 
Concentration and Molar Mass 

Rudolf S. Koene and Michel Mandel* 
Department of Physical and Macromolecular Chemistry, Gorlaeus Laboratories, 
University of Leiden, 2300 RA Leiden, The Netherlands. Received April 23, 1982 

ABSTRACT Quasi-elastic light scattering experiments are reported on sodium poly(styrenesulfonate) solutions 
in aqueous 0.01 M NaC1. Samples of three different molar masses have been investigated as a function of 
the macromolecular concentration covering the dilute and the semidilute regimes. Experimental homodyne 
intensity autocorrelation functions of the scattered light were found to be nonexponential and had to be fitted 
with the help of a cumulant expansion using a floating value for the base line. From the value of the first 
cumulant an effective translational diffusion coefficient was evaluated. This diffusion coefficient exhibits 
a different behavior according to the concentration regime considered. In the dilute regime it is molar mass 
dependent but only slightly increases with concentration. In the semidilute regime the predictions of the 
scaling approach to the cooperative diffusion seem to be confirmed. The effective diffusion coefficient is molar 
mass independent and increases with concentration according to a power law that is close to the theoretically 
predicted one if adequate corrections for the change of the ionic strength of the solution with the polyelectrolyte 
concentration are applied. The experimentally found concentration power, larger than the theoretical value 
of 0.75, depends, however, on the value of the intrinsic persistence length of the polyelectrolyte (theoretically 
treated as a wormlike chain), which enters the correction factor mentioned. The results therefore seem to 
confirm that in the semidilute regime investigated a cooperative diffusion depending on the correlation length 
of the polyelectrolytes determines the diffusional effects as observed in quasi-elastic light scattering whereas 
in the dilute regime they depend on the translational behavior of individual chains. Both regimes are separated 
by a transition region where the effective diffusion coefficient seems to be molar mass and concentration 
dependent. 

Introduction 
Quasi-elastic light scattering provides a useful technique 

for determining the diffusion of macromolecules i n  solu- 
tion. In the case of neutral polymers i n  good solvents i t  
has been predicted that according to the concentration 
regime considered, different diffusion coefficients should 
be measured:l below a critical concentration c*, which 
represents the concentration at which the individual chains 
i n  solution start to overlap considerably, the diffusion 
coefficient of the individual chains  is measured. It is 
controlled b y  t h e  averaged dimension of t h e  macromo- 
lecular coils, for  which the Flory l imit  of the radius  of 
gyration m a y  be taken  as the characteristic quantity.2 
Above c* intermolecular entanglements produce coopera- 
tive modes analogous to those of a permanent network. In 
the resulting cooperative diffusion the characteristic di- 
mension is  the correlation length t ,  which represents the 
average distance between successive entanglements along 
a chain and which should be independent of the molar 

0024-9297 183 / 2 2 16-0220$01.50/ 0 

mass of t h e  chain but dependent on the concentration 
according to a C-0.75 power law.3 Several light scat ter ing 
experiments  have been reported i n  the l i t e r a t ~ r e ~ ~  for 
solutions i n  the semidi lute  regime. In general, slightly 
different power dependences with concentration have been 
found as compared to the theoretical p r e d i d i ~ n s . ~  In some 
studies also nonexponential behavior of the light scattering 
correlation function was reported, in contrast to the others. 

More recently, OdijkE has extended the scaling relation 
for  neutral  polymers to the case of semidilute polyelec- 
t rolyte  solutions with or without  added salt.  In th is  ap- 
proach changes i n  the flexibility of the macromolecular 
chain due to charge interactions are taken  in to  account  
within the context of a wormlike chain m ~ d e l . ~  In the 
presence of an excess of the added salt t h e  theory predicts 
behavior of the polyelectrolytes analogous to that of neutral 
polymers if the necessary corrections for  charge interac- 
t ions a r e  applied. In an earlier short communication we 
found some confirmation of the theoretical prediction 
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concerning the concentration dependence of the diffusion 
coefficient in the semidilute regime for sodium poly- 
(styrenesulfonate) (NaPSS) in 0.01 M NaCl solutions.1° 
Here we report a more detailed investigation of several 
NaPSS systems, which have been studied in order to verify 
the proposed scaling relation. Not only the concentration 
power law of the diffusion coefficient in the semidilute 
regime but also its molar mass independence will be 
checked experimentally. 

Theory 
Quasi-elastic light scattering experiments probe local 

concentration fluctuations in solution." The quantity of 
interest is the structure factor defined by 

S(q,t) = (6c(q,t)6c*(q,O)) (1) 
This structure factor represents the time-dependent cor- 
relation function of the spatial Fourier transform Gc(q,t) 
of the local concentration fluctuations at  time t and for 
scattering vector q of the scattered light (with 6c* its 
complex conjugate). For a system of noninteracting, 
identical, isotropic particles small compared to the wave- 
length of the light, it can be shown that the structure factor 
simplifies to an exponential expression. 

S(s,t)  = S(a,o) exp(-DTq't) (2) 
Here, DT stands for the translational diffusion coefficient 
of the isotropic particle and q is the length of the scattering 
vector 

(3) 
with X, the wavelength in vacuo of the incident light, n, 
the refractive index of the solution, and 6 the scattering 
angle. 

According to de Gennes3 the dynamical behavior of 
isolated polymer coils strongly resembles the dynamical 
behavior of (hard) spherical particles. Quasi-elastic light 
scattering performed at very low polymer concentrations 
should give information about the translational diffusion 
coefficient of the individual coils. Assuming that the 
Stokes-Einstein relation holds, the following expression 
for the diffusion coefficient will be applicable: 

q = (47rn,/X,) sin (8/2) 

DT = kBT/GrqRH (4 )  
Here, RH is the hydrodynamic radius of the polymer coil 
and q the viscosity of the solvent. In general, RH may differ 
from the mean geometrical size of an isolated chain as 
given by the radius of gyration (S  2)1/2. Even in the dilute 
regime a concentration effect is to be expected but of small 
magnitude due to the interaction between the spherical 
particles." 

In the semidilute regime the interactions increase sig- 
nificantly and the coils are assumed to interpenetrate. The 
fluctuations probed by light scattering are due to coop- 
erative modes of the strongly entangled chains, for which 
the correlation length E is the essential length scale, inter 
alia, insofar as the relaxation of the fluctuations is con- 
cerned. Here de Gennes assumes that each chain can be 
pictured as a collection of uncorrelated "blobs" with av- 
erage dimension l and that the correlation time of the 
cooperative modes in semidilute dynamical networks can 
be described in terms of the diffusion of individual "blobs". 
Therefore for c >> c* the following relations are expected: 

. 

S(q,t) = S(q,O) exp(-D,q2t) (5) 
D, = kBT/Ga?lE (6) 

The mutual diffusion coefficient D, has been considered 
as the Einstein diffusion coefficient of an individual "blob". 
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The factor 67r has no physical significance, however, and 
has only been introduced to maintain the similarity be- 
tween (6) and (4) .  Note that the simple relation between 
D, and 5 can only hold if the chain is extremely long (1 >> 
5,  where 1 is the contour length of the polymer) and if the 
time scale of the mutual diffusion process is much smaller 
than that of reptation. 

Odijk has argueds that analogous relations should hold 
in the case of polyelectrolyte solutions in the presence of 
an excess of added salt (here assumed to be mono-mono- 
valent) provided that the polyelectrolyte chain can be 
represented as a wormlike chain with a persistence length 
L,, consisting of a structural or intrinsic part L, (corre- 
sponding to the persistence length of the uncharged 
polymer) and an electrostatic part Le arising from the 
screened charge interactions along the chain, which in- 
crease its stiffness. Assuming that for the interactions 
between two charges fixed on a given polyelectrolyte the 
potential of mean force is given by a Debye-Huckel po- 
tential with screening length K - ~  defined by 

K' = 87rQp (7) 
where p is the ionic strength of the solution, Q = q2/DkBT 
is the Bjerrum length, q is the elementary charge, and D 
is the relative permittivity of the solvent, the following 
expression was derived for L,:9 

(8) 

Here, A is the average contour distance between two 
successive charges on the chain; if the chain carries 2 
elementary charges distributed uniformly along the chain, 
A = 112 so that A is inversely proportional to the linear 
charge density of the chain. The factor f has been intro- 
duced here in order to account for the effective charge of 
the polyelectrolyte chain, which may be reduced due to 
strong interactions with the counterions. According to the 
simple "condensation theory",13J4 the effective charge Ze, 
of the polyion is only reduced with respect to 2 for A < 
Q; then f = 1 for A > Q and f = A2/Q2  for A < Q. In the 
latter case Le in (8) becomes independent of the linear 
charge density of the chain. Equation 8 is a first ap- 
proximation that should hold if the following conditions 
are obeyed: A << K - ~  and L, >> K-I. 

The following expressions may be derived for the 
crossover concentration c* and for the concentration de- 
pendence of the correlation length l in the case of polye- 
lectrolyte solutions with an excess of salt (all concentra- 
tions expressed in monomeric units per unit volume): 

(9) 

L, = L, + ( Q / ~ K ' A ~ ) ~  = L,  + Le 

c* N NRF-3 N a-11-4/5(Lt/~)-3/5 

RF(C/C*)~'~ N (Lt/K)-'/4(aC)-3/4 C >> C* (10) 

Here, RF is the Flory limit of the radius of gyration, which 
can reasonably be approximated by the following expres- 
sion+ 

R F  t3/5(L,/~)'/5 (11) 
a is the length of a monomeric unit defined through the 
relation 1 = Z A  = Nu, with N the number of monomeric 
units per chain. Thus a = ( Z / N ) A  = aA,  where a is the 
average degree of charge. In the particular case where each 
monomeric unit carries an elementary charge, as assumed 
for the polyelectrolytes investigated here, we have 2 = N 
and a = A .  

As (in the presence of an excess of salt) L, and K are 
independent of 1 - N ,  the dependence of c* on 1, according 
to (91, is the same as for neutral polymers. The influence 
of the screened charge interactions appears through the 
factor (Lt /K) -3 /5 .  
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its theoretical value. Several authors15-17 in trying to f i t  
experimental results to an analytical expression for Y have 
pointed out that the use of an additional fit parameter A’ 
for the base line yields better reproducible results with 
lower standard deviations in the parameter values, as 
misnormalization of the data may be corrected in this way. 

Y(7) = A’ + Ae-2rr (15) 
It is often found that the experimental correlation function 
does not behave as a single exponential such as (15). There 
may be many causes responsible for such a behavior, all 
originating in deviations from the different conditions that 
must be met in order that (2) should hold. It is, in general, 
difficult to establish which of these causes is primarily 
responsible for the nonexponential time dependence of 
Y(7). For heterodisperse macromolecular systems a cu- 
mulant expansion for the electric field correlation function 
has been proposedls but more recently, it has been sug- 
gested that such an expansion could also be used for 
systems where the nonexponential behavior of Y(T)  is 
mainly due to hydrodynamic or electrostatic interactions 
and to contributions of charge fluctuations.1s21 Therefore 
in our data analysis we have used either (15) or its gen- 
eralization through a cumulant expansion 
Y(7) = 

Equation 10 predicts in the semidilute concentration 
regime a decrease of the correlation length with concen- 
tration according to the power law c3f4, provided that cy 
and LJK remain constant. 

According to (6) and (10) it is to be expected that the 
mutual diffusion coefficient D, as measured in the semi- 
dilute regime of polyelectrolyte solutions in the presence 
of an excess of salt will be molar mass independent and 
will increase with concentration according to a power law 
c314. 

Materials and Methods 
The sodium salt of poly(styrenesu1fonate) (NaPSS) was pur- 

chased from Pressure Chemical Co. Three different samples were 
used with molar masses of 4 X 106,6.5 X 105, and 12 X 106 g mol-l. 
These samples were prepared by sulfonation of well-defined, nearly 
monodisperse samples of polystyrene. According to the manu- 
facturer the polyelectrolytes are characterized by M J M ,  < 1.1. 
Our own determinations have shown that the degree of sulfonation 
is close to unity, in contrast to the manufacturer’s specifications. 

The concentration dependence of the diffusion coefficient of 
solutions of the three samples in 0.01 M NaCl was investigated. 
All solutions were prepared with deionized water and NaCl of 
analytical grade (Merck); they were made dust-free by filtration 
through 0.22-wm Millipore filters. The concentration of NaPSS 
in solution was always determined spectrophotometrically at 261 
nm after filtration. The value of the extinction coefficient at this 
wavelength was established by calibration with Beer’s law, with 
corrections for the water content of the NaPSS, as determined 
by IR, applied. 

Quasi-elastic light scattering measurements were performed 
with the help of a Malvern 4300 photocorrelation spectrometer 
incorporating a Type K7023/2 cm 96 (96 channels) Malvern digital 
correlator. The light source was a Spectra Physics 165 argon 
ion laser operating at 514.5 nm. Optically cylindrical cells for these 
measurements were made by Telescope b.v., Delft. Intensity 
correlation functions were determined at the constant temperature 
of 25 O C  and at several scattering angles between 30 and 90° 
(generally at 30,37.5,45,60,75, and goo). The lower limit of the 
scattering angle was chosen such that heterodyne contributions 
to the measured correlation function can be neglected. 

For each solution the buildup of the correlation function was 
followed on the scope of the correlator and recorded finally on 
paper tape (using a Facit paper tape puncher). 

Data Analysis 
From the experiments a normalized correlation function 

Y(7) can be obtained, which is closely related to  the nor- 
malized intensity correlation function g@)(7). If it may be 
assumed that the scattered field has Gaussian statistics, 
the latter may be expressed as a function of the normalized 
field correlation function g(l)(7), itself proportional to the 
structure factor as given by (l), through the Siegert rela- 
tion. 

(12) 
In the last member of (12) the structure factor has been 
represented by its general form (2). For a system of 
identical, noninteracting particles, Y(T) may then be rep- 
resented by 

Y(7) = 1 + Ae-2rr (13) 
where the decay or relaxation rate r is related to DT by 

g(2)(7) e 1 + k(1)(7)12 = 1 + e - m d  

r(q) = D d  (14) 
The factor A in (13) takes into account nonideal behavior 
of the experimental setup such as incomplete spatial co- 
herence, detector dark current, etc. The function y ( ~ )  
should reach the theoretical base line value of unity for 
large values of T .  Spurious scattering by dust and other 
sources of parasitic scattering are responsible for the ex- 
perimental observation that the base line will deviate from 

2K2 2K3 -2K17 + - ( ( K I ~ ) ~  - -(K17)3 + ... 
2!K12 3!K13 

where Ki represents the ith cumulant. Both r or the 
cumulants and the additional parameters A and A’could 
be obtained by fitting experimental values of Y(7) of a 
given experiment to (15) and (16) by a nonlinear least- 
squares technique using the Gauss-Newton algorithm.22 

Three criteria were used to conclude that a fit is satis- 
factory: 

(1) The fitted base line A should not differ from the 
theoretical value unity by more than 0.5%. 

(2) If the quality factor QF of the fit is defined by 
N- 1 

(Yi - Si)(Yi+l - Si+l) 
(17) 

i = l  
QF = 1 - N-l 

C (Yi - Si)2 
i = l  

where yi is the value of the ith experimental point, pi its 
value according to the fitted curve, and N the total number 
of points on a curve (N  < 96), QF should not be smaller 
than 0.7. 

(3) The standard deviations in the fit value of the pa- 
rameters must be reasonable as compared to what is ac- 
cepted in recent literature. This means that the standard 
deviation in the first cumulant K1 or the decay rate for a 
single-exponential fit should be of the order 1 % or smaller, 
for K2/K12, a value of 10-30% would be tolerable, etc. 

When (16) is used, the first cumulant K, may considered 
to be related to an effective diffusion coefficient Deff if it 
is linearly dependent on q2. 

K1 = Deffq2 (18) 

This is expected to hold in systems where no local ordering 
occurs as revealed by a static structure factor S(q,O) equal 
to unity.3 The normalized second cumulant ( K 2 / K t )  may 
be considered as an estimate for the deviation from single 
exponentiality of the correlation function Y(7) (provided 
the series in the exponent converges rapidly). 

As has been reported previously1° NaPSS in 0.01 M 
NaCl solution does not yield measured correlation func- 
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Figure 1. Experimental data of the intensity correlation function 
for 6.98 g L-' NaF'SS (M, = 6.5 X lo5 g mol-') in 0.01 M NaCl 
at 25 "C at an angle of 37.5O: (a) data fitted to a singleexponential 
function; (b) deviation of experimental points with respect to 
fitted curve. 

tions of the simple exponential type. This has been con- 
firmed for all the solutions studied in the present inves- 
tigation. In Figure l a  an example is shown of the fit of 
experimental points Y(7) to an exponential function (15). 
The fit is of poor quality as is even more strikingly dem- 
onstrated in Figure lb. In the latter the deviation between 
experimental points and calculated values according to the 
fitted function is plotted against 7. The figure exhibits 
a "structural" behavior, representative of a poor fit. For 
fits to a single exponential the QF values are, moreover, 
of the order 0.2-0.3 in all cases. 

The same data fitted to the cumulant expression (16) 
with three moments (five parameters) are presented in 
Figure 2a. Together with the plot of the deviations as 
functions of 7 (Figure 2b) it demonstrates the superior 
quality of the cumulant fit. Typical values for the nor- 
malized second cumulant are of the order 0.3, with no 
significant variation on polyelectrolyte concentration or 
molar mass. Under the present circumstances this means 
that the deviation of Y(7) from a single-exponential 
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b 
0 3  
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0 0  n u  

O 3 I  0 4  0 10 20 30 40 50 60 70 80 90 100 
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Figure 2. Same data aa in Figure 1: (a) fitted to cumulant 
expression 16 with five parameters; (b) deviation of experimental 
points with respect to fitted curve. 

function is very small in absolute value (compare also 
Figure lb). Unfortunately, the deviations are significant 
and systematic and cannot be neglected. 

There is yet another, empirical reason to prefer the 
cumulant expression over the single-exponential function 
as a representation for Y(7). It  is found that the values 
of K1 yield a better linear fit to sin2 (19/2) than the values 
of the relaxation rate r obtained from the single expo- 
nential (see Figure 3). Moreover, the reproducibility of 
K1 is better than that of r. It  is interesting to note that, 
given an experimental Y(7), we have always found the 
order of magnitude of Kl and r to be the same; in fact, 
the value of r is 1&12% smaller than the corresponding 
value of K1, independent of the system considered. Fur- 
thermore, applying the procedure suggested by Brown et 

we find that for the different NaPSS solutions in- 
vestigated the values of K1 and K2/K12 are insensitive to 
the choice of sampling time (see Figure 4). 

As pointed out before there may be several reasons why 
Y(7) deviates from an exponential function. The origin 
of the observed deviations is, however, difficult to trace, 
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Figure 3. Comparison of the sin2 (8/2) dependence of the re- 
laxation ratio r (0) and the first cumulant K1 (0) obtained by 
single exponential (11) and a cumulant ex ansion (I) fit for NaF'SS 
in 0.01 M NaCl at 25 "C ( M ,  = 4 X loB, mol-'), C = 0.6 g L-', 
and 45 < e e 900). 

" I  
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Figure 4. Dependence of the first cumulant on the sampling time 
for 6.98 g L-l NaPSS (M,  = 6.5 X lo6 g mol-'), in 0.01 M NaCl 
at 25 O C  from measurements at 8 = 45". 

particularly in view of the insensitivity of the higher order 
cumulants to experimental conditions. These deviations 
are not artifacts traceable to the experimental setup, 
however. We have found that for the parent polystyrene 
of one of the NaPSS samples used, the measured corre- 
lation function in toluene solution can be fitted satisfac- 
torily to a single-exponential function. Furthermore, the 
relaxation rate r thus found follows closely the square law 
of the scattering angle. Finally, the method of Brown et 
alaz1 yields values for the second cumulant that are zero 
within the uncertainty of the data, independent of the 
sampling time used. For this polystyrene Y(7) can well 
be fitted to an exponential correlation function and 
therefore no systematic deviations originating in the ex- 
perimental setup are apparent. It is not evident, however, 
that for the same reasons molar mass heterodispersity can 
be ruled out as the origin for the deviation of Y(7) from 
a single-exponential function in the case of NaPSS. The 
samples of PSS have been prepared by sulfonation of the 
parent polystyrene and even for a degree of sulfonation 
close to unity some heterodispersity cannot be excluded. 
We shall not pursue here a discussion of the physical 
meaning of the second (or higher order) cumulant also in 
view of the uncertainty introduced by the use of a floating 
base line. The effective diffusion coefficients Den for the 
different systems investigated have been obtained from 
the slope of the linear dependence of K1 (derived from a 
five-parameter cumulant expansion (fit) on sin2 (e/2). 

s in2  I + I  

Figure 5. sin2 (8/2) dependence of the first cumulant of the 
intensity correlation function of NaPSS in 0.01 M NaCl at 25 "C 
in the semidilute concentration regime ( M ,  = 6.5 X lo5 g mol-'; 
C = 6.98 (O) ,  9.6 (O), 19.6 (A), and 26.4 g L-l (+)I. 

Table I 
Effective Diffusion Coefficient  de^ of NaPSS in 0.01 M 
NaCl at 25 "C: M ,  = 4 X lo5  g mol-', L, = lo-' cm, 

C* = 2.5 g L-' 
~ O J B ,  

c m 3 / Z  s-l 
1 O'Deff 

c, g L-' cm2 s-l 

0.01 9.09 
0.30 10.1 
0.64 15.8 
1.44 33.8 
3.26 54.0 
5.1 87.1 

12.1 199 4.07 
13.0 198 4.07 
16.0 239 5.13 
17.6 247 5.25 

Table I1 
Effective Diffusion Coefficient De* of NaPSS in 0.01 M 

NaCl at 25 "C: M ,  = 6.5 X 10' g mol-' , 
L, = lo-' cm, and C* = 1.38 g L-' 

io", c, g L-I cm2 lO"D"_ff, s cm3/2 s-l 

0.049 
0.282 
0.802 
4.22 
6.98 
9.65 
16.2 
19.6 
26.4 

7.27 
7.46 

12.8 
71.3 
130 2.48 
171 3.40 
246 5.27 
277 6.12 
333 7.74 

Results and Discussion 
For each molar mass of NaPSS several solutions of 

different polymer concentration C (in g L-') in 0.01 M 
NaCl have been studied. Conditions were chosen in such 
a way that a few concentrations at least could be assumed 
to be well below C* as calculated according to (9). In 
Figure 5 an example of the dependence of K1 on the 
scattering angle for some semidilute systems is shown and 
in Figure 6 for some dilute ones. Experimental results 
transformed into Deff as explained above are collected in 
Tables 1-111. 

From Figure 5 it can be concluded that K1 for the sem- 
idilute solutions follows closely the relation (18). For the 



Macromolecules, Vol. 16, No. 2, 1983 Scaling Laws for Polyelectrolyte-Salt Solutions. 1 225 

- 51 
O/ 

1 I d  
Y I  

0 d1 d2 6 3  O'L d5 d6  
S I n q  

Figure 6. sin2 (8/2) dependence of the f is t  cumulant for NaPSS 
in 0.01 M NaCl in the dilute concentration region ( M ,  = 6.5 X 
lo5 g mol-', C = 0.28 g L-l). 

Table 111 
Effective Diffusion Coefficient D e f f  of NaPSS in 0.01 M 
NaCl at 25 "C: M ,  = 12  X lo5  g mol-', L, = l o - '  cm, 

and C* = 0.85 g L-' 
io", c, g L-' 108Defi; cm2 s- cm3/2 s - l  

0.01 4.10 
0.05 4.20 
0.18 6.30 
0.42 9.20 
2.36 45.9 
4.20 96.7 1.78 
6.01 124 2.34 
8.30 153  3.02 

10.7 20 2 4.07 
20.6 277 6.16 
23.5 307 7.08 
27.0 323 1.56 

dilute systems, especially a t  the lowest concentrations, a 
departure of the square-law dependence occurs for angles 
larger than 60' (sin2 (8/2) > 0.25). A possible reason for 
such deviations is a contribution from the internal re- 
laxation of the coils to the measured total relaxation of the 
concentration fluctuations. Note that for the lower con- 
centrations in the dilute regime, the average dimensions 
of a single chain ( -RF) will already be of the order of q-' 
for the higher scattering angles. Therefore for the dilute 
systems we have used the initial slope of K1 vs. sin2 (8/2) 
for 0 < 60'. 

As can be seen from Figure 7, where the results of Tables 
1-111 have plotted as log Deff vs. log C, three different 
concentration regions may be distinguished. At  C << C* 
the diffusion coefficients change only very slightly with C, 
in qualitative agreement with the theoretical predictions 
for very dilute solutions. At  the other end (C >> C*) an 
important increase of Deff with C is observed, nearly in- 
dependent of the molar mass, which also seems to confirm 
the predictions of scaling theory. In between these two 
a transition region is observed where DeE starts to increase 
considerably but larger differences between the behavior 
of polyions with different molar masses are observed. 

In order to check scaling theory more quantitatively, 
implying Deft - El, we have to compare the observed 
concentration dependence of Deff in the semidilute con- 
centration regime to the theoretical prediction as given by 
(10). In fact, log Dd can be represented as a linear function 
of log C, considering all experimental results for which C 

0 -7p-?t7 , 

-8 
-2 -1 0 1 2 

log c 
Figure 7. lo Deft vs. log C for NaPSS in 0.01 M NaCl at 25 "C 

arrows indicate the location of the theoretical values of log C*. 

> 3C* (16 in total; see Figure 7). A least-squares fit yields 
log D& = (6.42 f 0.2) + (0.66 f 0.02) log C with a standard 
deviation of 0.02. Here, the slope is definitely smaller than 
the predicted value 0.75. By testing (10) in this way we 
have implicitly assumed that (K/L,)'l4 is concentration 
independent, an assumption that will be fulfilled if there 
is a large excess of low molar mass electrolyte. In the 
present case, however, the salt concentration is rather low 
(0.01 M) and the polyelectrolyte concentration reaches 
relatively high values. Therefore the cations from the 
polyelectrolyte may also contribute to the ionic strength, 
which determines K and also Le, and thus (K/L$/~ no longer 
will be independent of C. 

Correction for this effect implies further assumptions. 
Empirical evidence shows that due to strong interactions 
between counterions and polyions a certain portion of the 
former will be thermodynamically 'inactive". Thus the 
following definition of the ionic strength may be used: 

(M,  = 4 X 10 ! (O) ,  6.5 X lo6 (A), and 12 X lo6 g mol-' (0)). The 

Here, c, is the molar salt concentration, cM is the concen- 
tration of polyions in mol L-l, c = NcM (the latter in mo- 
nomol L-l), N A  is Avogadro's constant, and Z and Z* stand 
for the real number of elementary charges and the 
"effective" number, respectively, borne by the polyions. 
An estimate for Z*/Z may be found from condensation 
theory, which predicts for A < Q 

Combining (19) and (20), one obtains 

so that p will be an increasing function of C. For NaPSS, 
if the degree of sulfonation is larger than 0.36, which is 
certainly the case for the samples in this investigation, the 
condition X > 1 is fulfilled (a E 2.5 X cm; Q E 7 X 
lo4 cm). Thus (21) may be used to estimate K and Le, for 
the latter assuming consistently f = A2/Q2. Both quantities 
will depend on C. 

In order to check the validity of (10) it may therefore 
be more reliable to look at  the concentration dependence 
of the auxiliary quantity B. 

B E D,ff(~/Lt) ' /~ (22) 
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Figure 8. Data of E Deff(~/Lt)l14 vs. log C. Full drawn curve 
is a least-squares fit. Here, L, = 3 x lo-' cm. 

instead of Deff itself. According to (lo), B should be pro- 
portional to C3l4 under all conditions in the semidilute 
region. A difficulty arises, however, as in order to calculate 
L, the value of the intrinsic part of the persistence length 
L, must be known. It turns out that log B depends linearly 
on log C (see Figure 8 )  but that the power law for B de- 
pends sensibly on the choice for the value of L,, as shown 
in the following results obtained from a linear least-squares 
fit using the experimental values of Deff: 
log B = -(3.26 f 0.02) + (0.80 f 0.02) log C 

L, = 10 x cm 

L, = 30 X cm 

L, = 50 X cm 

For the three cases quoted, the standard deviation in the 
fit is 0.020, 0.017, and 0.016, respectively. The value of 
L, for poly(styrenesu1fonate) chains has not yet been de- 
termined accurately although the value L, = 10 x cm 
has been suggested.* In view of the bulky SO3 group fixed 
on the phenyl rings, a larger value is not impossible. It 
is too speculative, however, to conclude that L, would be 
nearer 50 x cm because this yields the correct power 
law as predicted theoretically. It is not uncommon to find 
small discrepancies between experimental and theoretical 
exponents when testing scaling law.7 Also from light 
scattering experiments on semidilute solutions of neutral 
macromolecules slightly different powers than 0.75 have 
been found for the concentration dependence.4+ On the 
other hand, the experimental conditions are not ideal for 
testing (lo), as the theory has been developed for the case 
of an excess of low molar mass electrolyte such that L, >> 
K - ~  holds. Although for all the systems investigated L, > 
K - ~ ,  both quantities are of the same order of magnitude, 
particularly if L,  is assumed to be close to 50 X cm. 
Finally, the expression of p as well as that of Le involves 
a certain number of assumptions as well as the repeated 
use of the simple condensation approach, which is known 
to be only semiquantitatively correct. 

It is interesting to note that the factor in front of the 
concentration dependence of B is of the right order of 
magnitude according to the theoretical predictions. Com- 
bining (6), (lo), and (22), we find the theoretical expression 

log B = -(3.28 f 0.02) + (0.77 f 0.02) log C 

log B = -(3.30 f 0.02) + (0.76 f 0.02) log C 

where C is expressed in g L-', M, is the molar mass of a 
monomeric unit (206 g mol-' for sodium styrenesulfonate), 
and 4 is a numerical constant analogous to the dubious 

Table IV 
Comparison of the Hydrodynamic Radius Calculated 

from Def# with the Flory Radius and Root-Mean-Square 
Radius of Gyrationa 

10-5~, , I O ~ D , ~ ~ O ,  IO*R,, IO~R,, I O ~ ( S ~ Y ,  
g mol-' cm2 s- '  cm cm cm 

4 9.0 270 620 450 
6.5 7.5 323 920 600 

1 2  4.0 606 1330 860 
a a = 2.5 X l o - *  cm, L,  = l o - '  cm, M ,  = 206 g mol-', 

and h > 1. De$ is Deff at the lowest concentration inves- 
tigated; ( S 2 ) ' / 2  is calculated according to eq 24-27. 

67r in (6). In water at 298 K (7 = 0.009 P) the factor in 
front of C" is given by the following values (depending on 
the choice of u) :  

BIG' = 2.2 x 10-314 

B/C"  = 1.1 x 10-3/4 

B/C*  = 0.8 x 10-3/4 

= 0.80 

= 0.77 

= 0.76 

to be compared to the fitted value, which is of the order 
5 X This would suggest that 4 C 6 but this is not 
necessarily unreasonable. 

Turning now to the dilute concentration regime, we 
would expect the measured diffusion coefficient to  be in- 
versely proportional to the hydrodynamic radius R H  of the 
polyion, according to (4). In Table IV we compare the 
values of R H  as derived from Deffo, the effective diffusion 
coefficient measured at the lowest concentration investi- 
gated, to R F  calculated according to (11). In all three cases 
R H  < R F  although the ratio of the three values for R H  
(1:1.2:2.2) with increasing M does not differ too much from 
that for RF (1:1.21.9). Of course, it should be kept in mind 
that R F  is a limiting value for the mean dimension of the 
macromolecule in a good solvent and that furthermore (11) 
is given up to a numerical factor of order unity. It may 
be better to compare R H  to the root-mean-square radius 
of gyration (S2)II2 for an individual chain of finite length. 
For charged macromolecules the expressions for ( S2)l12 
derived by Odijk and H ~ u w a a r t ~ ~  may be used. It is also 
based on the wormlike chain approach. Values of (S2)'12 
have been calculated (see Table IV) in this way, using, 
however, for the excluded volume parameter due to elec- 
trostatic repulsions between two Kuhn segments of the 
chain the expression proposed by Fixman and SkolnickZ5 

( S 2 )  = (Ys2(S2)0 (24) 

(25) 

(26) (Y: = 0.541 + 0.459(1 + 6.042,J0'46 

Here, ( S2)o is the mean square radius of gyration for an 
ideal wormlike chain according to Benoit and Doty26 and 
CY, is the expansion factor for excluded volume effects. The 
latter is calculated according to the Yarnakawa-Tanakaz7 
expression (26) as function of the excluded volume pa- 
rameter Ze,. This parameter is evaluated by (27) (y = 
0.57721 ... is Euler's constant) based on only electrostatic 
repulsion. Note that in Odijk and Houwaart's paper the 
expression between square brackets in (27) is put equal 
to a constant. According to Fixman and Skolnick the 
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argument of the logarithm in this expression is 4?rQ/A2~. 
We have applied here again the simple condensation ap- 
proach so that for X > 1, A2 has to be replaced by its 
effective value Q2, consistent with the assumptions used 
above. 

It may be seen in Table IV that the values of (S) V 2  still 
differ from R H  by a factor 1.5-2, which is not uncommon. 
Their ratio again does not deviate too much from that of 
RH (1:1.3:1.9). Note that it would have been preferable to 
use instead of Def: the value obtained by a linear extrap- 
olation to concentration zero of Deft measured at  several 
different concentrations in the dilute regime where D is 
a slightly increasing function of C and the extrapolated 
value of RH would be closer to (S)1/2 than shown in Table 
IV. Not enough measurements in the dilute regime were 
available to proceed likewise, however. 

Finally, not much can be said concerning the transition 
region between the dilute and semidilute concentration 
regimes. We have insufficient results to allow any con- 
clusion concerning the concentration and molar mass de- 
pendence of DefP 

Conclusion 
The results presented here are a t  least qualitatively 

consistent with the predictions of scaling theory for po- 
lyelectrolytes by showing the two distinct concentration 
regimes separated by a transition region around the value 
of C*. In the semidilute regions the effective diffusion 
coefficient is definitely molar mass independent at con- 
stant salt concentration and seems to be determined by 
the correlation length [. It is difficult to assess the scaling 
law prediction more quantitatively particularly because 
the value of the intrinsic persistence length L, is not known 
accurately. For 10 X 5 L, 5 50 X cm, a con- 
centration power law is found with an exponent 0.80 I v 
5 0.76, which is quite satisfactory. 

In the dilute regime the effective diffusion coefficient 
of the polyelectrolytes reflects the translational behavior 
of individual polyelectrolyte chains. The hydrodynamic 
radius is somewhat smaller than the root-mean-square 

radius of gyration as calculated for a charged wormlike 
chain with excluded volume effects. 

In a subsequent paper we shall study the effect of the 
salt concentration on the effective diffusion coefficient and 
compare these results with the theoretical predictions of 
scaling theory. 
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Scaling Relations for Aqueous Polyelectrolyte-Salt Solutions. 2. 
Quasi-Elastic Light Scattering as a Function of Polyelectrolyte 
Concentration and Salt Concentration 
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ABSTRACT: From quasi-elastic light scattering experiments on aqueous solutions of sodium poly(sty- 
renesulfonate) (M,  = 6.5 X lo6 g mol-’) in NaCl of various concentrations, the dependence of the effective 
diffusion coefficient of the polyion Deff has been obtained as a function of the macromolecular ( C )  and salt 
(c,) concentrations. At constant c, dilute and semidilute regimes can be observed with increasing C.  In the 
latter, Defl increases with a concentration power law C‘, where the exponent v is close to the theoretical value 
0.75 obtained from scaling considerations and is practically independent of c,. The value of Deff a t  constant 
C in the semidilute regime decreases with increasing c, in a way that is not completely accounted for by the 
scaling theory for polyelectrolyte-salt systems. In the dilute regime Deff  is only slightly dependent on C but 
increases with c, a t  constant C .  This seems to be in agreement with the theoretically predicted decrease of 
the average dimensions of isolated polyelectrolyte chains. 

Introduction an effective diffusion coefficient can be derived. This 
In a previous paper,l to be called part 1, it was shown diffusion coefficient exhibits a different concentration 

that from quasi-elastic light scattering by aqueous solutions dependence in two distinct macromolecular concentration 
of sodium poly(styrenesulfonate) (NaPSS) in 0.01 M NaCl (c) regions separated by a transition region situated around 
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